The Seiberg-Witten equations are studied from the viewpoint of gauge potential decomposition. We find a determinant equation ∆A µ = −λA µ for the twisting U (1) potential A µ of the Seiberg-Witten theory, which is in itself an eigenvalue problem of the Laplacian operator, with the eigenvalue being the vacuum expectation value of the field function, λ = Φ 2 /2. This establishes a direct relationship between the spectral theory of the Laplacian operator and the classification of the moduli space of the Dirac operator. Topological characteristic numbers of instantons in the self-dual SU (2) + sub-space are also discussed.
Introduction
Decomposition theories of gauge potentials have become a useful tool in physicists' mathematical arsenal [1, 2, 3, 4] : It is known in mathematics that for a principal bundle of structure group G, topological singularities of the base manifold may be characterized by a basic field function ψ distributed whereon (e.g., a vector, spinor, or metric field of a physical system). This allows one to decompose the gauge potential (connection) ω of the physical system in terms of ψ, and analyze inner structures and singularities of topological characteristic classes constructed with the field strength (curvature) F = F (ω). In this paper the Seiberg-Witten (SW) equations will be studied by investigating the inner structure of the Spin c (4) gauge potential. The SW theory determines the exact low-energy effective Lagrangian of the N = 2 supersymmetric Yang-Mills gauge theory in terms of a single prepotential F defined from the SW curve [5] . It resulted in a revolution in string theory in 1994, and also played an important role in topology by providing a powerful SW invariant for the classification of four-dimensional manifolds [6] .
Let M be an oriented Riemannian 4-manifold and P a principal Spin c (4)-bundle on M, Spin c (4) = Spin(4) ⊗ S 1 /Z 2 . The SW equations read
where µ, a = 1, 2, 3, 4 denote the base manifold and Clifford algebraic indices respectively; γ µ is obtained from the Dirac matrices γ a via the vierbein γ µ = e µa γ a , γ µν = e µa e νb I ab with
ω µab I ab is the SO(4) gauge potential, ω µab = −ω µba , and A µ is the U(1) potential of the determinant line bundle L. The Dirac 4-spinor Ψ is a self-dual solution of the twisted Dirac operator
where S ± ⊗ L are the twisted self-and anti-self-dual sub-spaces respectively. Eq.(2) is the so-called monopole equation.
In Sect.2 below, we start with (1) and briefly discuss the decomposition of the Spin c (4) gauge potential ω µ + iA µ in terms of the Dirac spinor Ψ. The result is compared in Sect.3 with the Pauli 2-spinor decomposition of the SU(2) potential. This leads to the discovery of the determinant equation (14) for the twisting U(1) potential A µ , which is in itself an eigenvalue problem of the Laplacian operator, with eigenvalue being the gauge-invariant vacuum expectation value of the field Ψ. This reveals a direct connection of the spectral theory of the Laplacian operator with the classification of the moduli space of the Dirac operator in the SW equations. In Sect.4, we discuss topological characteristic numbers of instantons in the self-dual SU(2) + subspace of Spin c (4), and conclude the paper by presenting a summary and discussion.
Decomposition of Spin c (4) Gauge Potential
Our starting point is the SW equation (1) . We will treat in this section the wave function Ψ as an ordinary Dirac spinor, instead of a self-dual one. Then (1) is a general covariant Dirac equation describing massless neutrinos under an electromagnetic field. Introducing ω abc = e µ a ω µbc and γ a ∂ a = γ µ ∂ µ by horizentally lifting x a = e µ a x µ , (1) becomes
One notices that ω abc may be written in three parts,
where ω A abc is fully anti-symmetric for a b c, ω
abc symmetric for a b, and ω
symmetric for a c :
Defining for convenienceω
one obtains after simple Clifford algebra:
with γ 5 = −γ 1 γ 2 γ 3 γ 4 . Therefore, (1) and its conjugate become
Using (3) and (4), the Spin c (4) potential ω µ + iA µ may be decomposed as follows:
Here we have introduced two real parameters ρ and θ,
and applied the so-called duality rotation
Eqs. (5) and (6) yield the following decomposition expression [7] :
Following the routine of general relativity, a coordinate condition should be adopted for the vierbein e µb in (7) as a restraint. One chooses the harmonic 
where , and j µ andj µ are the quantum mechanical velocity-current and pseudo-current respectively given by
In the following sections we will study inner structure and topology of the Spin c (4) bundle by using the expression (8) . Obviously, independent significance should be attached to the spinor structure of the SO(4) potential when A µ = 0, since it may be applied to study many other physical and mathematical problems [4] , which is beyond the scope of the present paper.
Determinant Equation for Twisting
The Spin c (4) space may be written as a direct sum Spin
, and the wave functions in S + ⊗ L and S − ⊗ L are respectively the spinors Ψ ± : γ 5 Ψ ± = ±Ψ ± . In the following we consider only the self-dual S + ⊗ L. Thus for simplicity of notation, 'Ψ + ' will be denoted by 'Ψ'. Let us study the Spin c (4) and its sub-bundle SU(2) + . Noticing that γ 5 takes value +1 in this sub-space, we acquire from (3) and (4) 
However, it is observed that the RHS of (9) is a 0 0 -indeterminate type sincē
. In order to determine ω +µ + iA µ , firstly we choose the realization for the γ-matrices:
(with σ i , i = 1, 2, 3, being the Pauli matrices), so that the self-dual Ψ is realized as Ψ = ( Φ, Φ )
, where Φ is a Pauli 2-spinor. Secondly, since the indeterminacy arises from the self-duality of Ψ, we introduce an anti-self-dual perturbation for Ψ:
Then, from (8) 
Similarly, the second SW equation (2) may be regularized as
Hence (10) becomes
where ∆ =
is the Laplacian operator, and we have imposed the Lorentz gauge ∇ ν A ν = 0. On the other hand, from the SU(2) covariant derivative of Φ,
the SU (2) potential ̟ may be decomposed as [3] 
where
and the parallel field condition D µ Φ = 0 has been adopted. Now, comparing the first term of the RHS of (12) with (13), it is recognized that they are identical in the sense that they lead to the same topological characteristic class (see the following Sect.4). Therefore from (12) we find an interesting determinant equation for the twisting potential A µ :
Apparently, if (14) holds then (12) is an SU(2) decomposition; namely, one realizes Spin(4) = SU(2) + ⊗ SU(2) − by putting the restriction (14) on the twisting U(1) potential A µ . The appearance of Eq.(14) may be understood as follows. If the Spin c (4) connection ω µ is regarded as a quantity determined by A µ and Ψ via Eq.(2), then (2) will no longer serve as a constraint equation for the two unknowns A µ and Ψ. Instead one has to pursue another constraint condition. (14) seems to be a reasonable choice.
Eq. (14) is an eigenvalue problem of the Laplacian ∆, with λ being the eigenvalue and A µ the eigenfunction. This sort of problem has been investigated by many authors [9] , where important theorems on the spectrum {λ (i) , f (i) ; i = 0, 1, 2, · · · } (especially theorems on estimates and properties of the eigenvalues) have been obtained. Actually, if the base manifold has no boundary (which is the case for the SW theory), then ∆ is an order-2 elliptic self-adjoint operator with discrete eigenvalues {0 = λ (0) < λ (1) ≤ λ (2) ≤ · · · }, while the non-trivial eigenfunctions {f (i) ∈ C ∞ (M)} form an orthogonal basis in the Hilbert space.
There are three points that should be addressed. Firstly, {λ (i) } is by definition the gauge-invariant vacuum expectation value of the self-dual wave function Ψ and therefore closely related to the crucial parameter u = T r φ 2 of the SW curves [5] . This establishes a direct relationship between the spectrum of Laplacian operator and the classification of the moduli space of the Dirac operator. Secondly, the sub-solution space corresponding to the zero-eigenvalue
= 0 (i.e. |Φ| = 0) is finite-dimensional; this case will be discussed in details in Sect.4 by showing that the zero-points of Φ correspond to instanton solutions with their topological charges accounting for the second Chern numbers (i.e. the Euler characteristics). Thirdly, the Laplacian ∆ is an unbounded operator (since λ (i) i→∞ → ∞), hence one introduces a heat operator e −t∆ which is bounded since e −tλ (i) i→∞ → 0 for Re t > 0. Defining F (i) = e −t∆ f (i) from the above eigenfunctions {f (i) }, it is easy to check that F (i) serves as the solution of the heat equation (∆ + ∂ t )F = 0, where the solution F is related to the so-called heat kernel function H( x, y, t) appearing in the expansion (
, whose concrete form will depend on the background geometry of M [9] .
Topological Characteristics of Instantons
When (14) holds, (12) gives the inner structure of the SU(2) + gauge potential
In order to simplify this expression, one employes the component form of the Pauli spinor Φ, 1, 2, 3) , and introduces a unit vector
Obviously the zero-points of φ A are the singular points of n A . Defining a normalized spinorΦ
then one may write ω +µ as a 1-form
It will be shown in the following that it is this simple expression of ω + that contributes to the second Chern classes and the Euler characteristics of the SU(2) + sub-bundle. From the Chern-Simons 3-form constructed from ω +
(see Ref. [3] and references therein), one acquires the spinor structure of the SU(2) + sub-bundle
Furthermore, the second Chern class C 2+ is given by
with ρ + (x) the so-called Chern density. Using (15) one gets
i.e. the Chern density
This expression is consistent with the Pauli spinor structure of the SU(2) Chern density obtained in Ref. [3] . Eqs. (15) and (16) also demonstrate from a different viewpoint that the above determinant equation (14) is a reasonable choice in the sense of the fractionalization Spin
In terms of the components ofΦ,
which can be shown to be the form
where D(φ/x) is a Jacobian
Eq. (17) implies that
So it is sufficient to study the zero-points of φ to determine the non-zero solutions of ρ + (x). Meanwhile, we should bear in mind that φ = 0 corresponds to the zero-eigenvalue of Eq. (14). The implicit function theory shows [10] that under the regular condition D(φ/x) = 0, the general solutions of 1, 2, 3) are expressed as N isolated points
around which δ 4 ( φ) is expanded as [11] :
Here the positive integer β j is the so-called Hopf mapping index, which means topologically that when a point x µ covers the neighborhood of the jth zeropoint x µ j once, the vector field φ A will cover the corresponding region in the φ-space for β j times. Then, introducing the Brouwer mapping degree
which shows that the Chern density is non-zero only at the N 4-dimensional zero-points of φ A (i.e. the singular points of n A ). These self-dual singularpoints are regarded as instanton solutions in the SU(2) + sub-space, with their topological charges characterized by the Hopf index β j and Brouwer degree η j .
Integrating the second Chern class yields the second Chern number:
Since the base manifold M is 4-dimensional, the second Chern class C 2+ is simultaneously the top Chern class and the Euler class on M. Hence the Euler characteristic, which is the sum of indices of zero-points of vector field φ A on M (Poincaré-Hopf theorem), is obtained by the Gauss-Bonnet theorem:
which demonstrates that the topological invariant χ + (M) arises from the contribution of the topological charges of instantons.
Conclusion
In this paper we obtain the decomposition Eq. (8) for the Spin c (4) gauge potential ω µ + iA µ . Comparing it with the decomposition of the SU(2) potential ̟ µ , we find a determinant equation (14) for the twisting U(1) potential A µ , which is in itself an eigenvalue equation of the Laplacian operator, with the eigenvalue being the vacuum expectation value of Ψ. This establishes a relationship between the spectral theory of Laplacian operator and the classification of the moduli space of the Dirac operator appearing in the SW equations. Moreover, topological charges of instantons expressed with the characteristic numbers β j and η j are discussed.
Some remarks are in order. In Sect.3 we extracted (14) from (12). Another interesting choice for the U(1) potential in (12) is A µ =Ā µ + α µ , wherē A µ satisfies (14) and α µ leads to a δ-function like field strength: dα ∝ δ 2 ( ϕ), with ϕ being a vector defined from the spinor Φ in the SU(2) + sub-space. A choice for α µ is the Wu-Yang potential [4] : α µ ∝ e 1 · ∂ µ e 2 , where ( e 1 , e 2 , m) is an orthogonal frame with m = Φ † σΦ Φ † Φ defined as a 3-unit vector in the SU(2) + sub-space. Then, α µ will contribute to the LHS of (12) a Chern-class term containing a 2-dimensional δ-function which indicates the impact of the 2-dimensional zero-points of ( e 1 , e 2 ), and contribute to the RHS a Schwinger term related to a central extension which describes the 3-dimensional zeropoints of m.
